Abstruct-Under a TDMA (time-division multiple-access) scheme, a station shares a multiple-access communications channel by transmitting its messages during its dedicated time slots. In many networking (multiple-access, multiplexing, time-slot interchange switching, etc.) situations, each station is allocated a number of contiguous time slots during each time frame. In this paper, we present an exact result concerning the queue-size and message delay analysis of TDMA systems in which a station is allocated multiple consecutive slots per frame. We obtain the generating function of the system queue-size for a general independent arrival message process. Messages consist of a random number of packets, following a geometric distribution. We then derive an exact result for the generating function of the message delay for various common message arrival processes, as well as tight bounds for the mean message queue-size and delay. Our results are compared to previously derived approximations. We also prove that a slot allocation scheme which distributes station slots uniformly over the frame yields a message-delay lower bound. Our results also apply to the analysis of time-shared reservation schemes.
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I. INTRODUCTION
DMA (time-division multiple-access) schemes are widely T used to provide for the sharing of a multiple multiaccess communications channel and their message queueing delay performance characteristics have been studied by many researchers. Under a TDMA scheme, a station shares a multipleaccess communications channel by transmitting its messages during its dedicated time slots. In many networking (certain multiple-access, multiplexing, time-slot interchange switching, etc.) situations, each station is allocated a number of contiguous time slots during each time frame. Chu and Konheim [3] , Kobayashi and Konheim [6] , Rubin [9] , and Lam [8] have derived the generating function of the queue length for a TDMA scheme under which a single slot per frame is allocated to each station. The message delay distribution has been obtained for a single slot per frame TDMA model by Rubin [9] and [lo] . For the multiple slot per frame TDMA scheme, an approximate analysis was carried-out by Rubin
[lo] and Bruneel [l] , and an exact analysis of the queue-size and message delay is performed by Rubin and Zhang [ l l ] , under the assumption that single packet is contained in each message. De Moraes and Rubin [4] analyzed message delays for a TDMA scheme under a nonpreemptive priority discipline. A related model (not identical to the one investigated here) is studied by Konheim and Meister [6] . For the special case of single-packet messages, Bruneel [2] studied the performance of a discrete-time channel which is characterized by alternate random availability and blockage periods, deriving an expression for the generating function of the queue-size distribution. A generalized TDMA scheme is, independently, studied in Recent analysis results for circuit-switched TDMA scheme, under which a station is allocated contiguous slots per frame, appear in [12] . Under such a procedure, a station allocates to a ready session a TDMA circuit using only the station allocated TDMA slots. Each TDMA circuit consists of a single slot per frame.
In this paper, we carry out exact message delay and queuesize analysis for the contiguous multiple slot per frame packetswitched TDMA scheme. We obtain the generating function of the system size in steady-state at the start of a slot, under the assumption that the number of packets included in a message is geometrically distributed. The result is presented by a simple closed-form expression. We then derive an exact result for the generating function of the message delay under various message arrival processes. Our results are compared with previously derived approximations. Tight lower and upper bounds for the system size and mean delay are derived. We also prove that a slot allocation scheme which distributes station slots uniformly over the frame yields a message-delay lower bound. Our results also apply to the message delay and queue-size analysis of time-shared reservation schemes (see ~4 1 .
[lOl>.
THE SYSTEM MODEL
We consider a station which shares a communication channel on a TDMA basis. Information is assumed to be transmitted across the channel at a bit rate of C bits/s. Time is divided into equal-length slots, each of duration 7 seconds. The start of a message transmission across the channel must coincide with the beginning of a slot. Time slots are set to start at t = 1 2 7 , n = 0 . 1 . 2 , . . . ; slot k spans ( ( k -l).r.Ic~]. A message is assumed to consist of a random number of packets, which follows a geometric distribution with parameter, q, 0 < q < 1, We assume that { N r L , n 2 l} is a sequence of i.i.d random variables, and we set a3 = P ( N , = j), j 2 0, and
where a is the mean number of message arrivals per slot. The station is allocated a multiple, say N , N 2 1, contiguous slots per frame, numbered 1, . . . , N (see Fig. 1 ). A frame is defined as the time period elapsed between the start time of any two adjacent groups of a station's N contiguous transmission slots.
Messages can be transmitted across the channel only in those N dedicated slots during a frame.
THE GENERATING FUNCTION OF THE SYSTEM SIZE
Let X I , represent the number of messages in the station's buffer at the start of slot k , including message arrivals that will occur during slot IC -1. Note that process { X k . k 2 l} is not Markovian. To obtain a Markov process we use the supplementary variable approach. We define the two-dimensional
The system is stable if the average number of message arrivals per slot a is less than the average number of messages
However, under the stability condition, the conditional steadystate distribution { X k } given that Y k = j and the steady-state distribution of { X k } in the Cesaro sense exist. Denote Define the z-transforms, 1x1 5 1,
The steady-state probabilities are readily noted to satisfy the following equilibrium equations. For z 2 0,
we have By (3.3) and (3.9, we then obtain
In the following, we derive an expression for ~I ( Z ) . Multiplying the zth equation of (3.7) by zz and summing over i , we obtain the following results:
Using (3.9)-(3.11) iteratively, we solve for U l ( z ) and obtain (3.12) where (3.14)
From (3.8)-(3.14), we obtain 
By (3.12)-(3.14), we find that
where 0 5 Ci,, 5 1 and Define the transform y as y = zA(z)-l. Then
By the normalizing condition, Ul(1) = 1, we then obtain,
From (3.15)-(3.19), after some algebraic manipulations, we obtain
Notice that cFzl (z/A(z)C(z))"'Pk,o still needs to be determined. It is given in Lemma 1 below.
Using Takacs' Lemma ([13] , p. 83), it can be shown that if
that is, D'(1) > 0, then the denominator of the right-hand side of (3.12), D ( z ) , has exactly N -1 roots in the domain IzI < 1. We denote these roots by w j , j = 1,2, .. . , N -1.
The numerator of the right-hand side of (3.12), G ( z ) , must be zero at these points, since VI(.) is analytic in the domain IzI < 1. To complete the computation of n ( z ) as given by (3.20), the following result is obtained.
which implies that 
Ci , ( . ; -' -z2n-l) = 0. IV. THE MEAN SYSTEM SIZE derivative of II(z) and letting z 4 1. From (3.26), we obtain
The mean system size can be computed by taking the
We make the following notes. 1) p k , o can be computed (when of interest) by solving the following set of equations:
Since By using the result presented in Lemma 1, we avoid the need to solve (3.27) and (3.28) for P~, o , and subsequently use these probabilities in (3.20). The result presented by Lemma 1 also after some simplification, we obtain we derive the following bounds.
3) For L = 0, we obtain from (3.26),
which represents the well-known generating function of the system message size for a ~~~~[~~l /~~~~/ i system. 3=1
Proof: Since (1 + x)/(1 -T ) > 0 for any .r such that 1x1 < 1, and I w,/A(w,) I = I A(,,) IL/ "< 1 (since IA(w,)l < 1), we have by ( 4 3 , the mean queue-size E ( X ) for the scheme with contiguous slot allocation is lower bounded by
proving the assertion.
Taking derivative of (3.22) w.r.t. z , and letting z + 1, we obtain
and using (3.19), we also have
Combining these inequalities, we conclude the right-hand side of inequality (4.4).
0
The following observations can now be made. 1) Using (4.2) and (4.4), we obtain the following tight upper and lower bounds for the mean system size at steady-state:
V. DELAY ANALYSIS
The delay of a message is defined as the number of slots elapsed between the slot of its arrival and the instant it departs (i.e., fully transmitted) from the system. For the general batch arrival case, the mean message delay can be obtained using
Little's formula. That is, E ( D ) = E ( X ) / a where E ( X )
is given by (4.2). Hence, by multiplying both sides of (4.5)
by a-l, lower and upper bounds for E ( D ) are obtained. In addition, Proposition 1 is noted to also hold for the mean delay E ( D ) . The message delay distribution under a general batch size assumption is difficult to obtain due to the lack of memoryless property.
We next derive message delay distributions for several batch message arrival streams of practical importance. The z-transform of the steady-state message delay distribution is denoted as D ( z ) , IzI 5 1.
Since {Nn. n 2 l} is a sequence of i.i.d. random variables, the arrival process is a Geometric Batch discrete time point process, where the batch size distribution is Ti = { E , = u z / ( l -ao),i l}, with the moment generating function
, and mean 5 = a / ( 1 -CL,)).
We know that for a memoryless arrival process,
where p ( i ) is the steady-state probability that the system size inspected by an arrival is %. One also readily obtains (in relating the steady-state distributions prior to an arrival and following a departure, in a single-server batch arrival queueing system)
We observe the bounds to differ by at most a constant value 2) If N = 1, by (4.2) and ( 4 . 9 , E ( X ) = Q L , which checks with the well-known result for the mean system size for a of ( N -1)/2.
TDMA scheme under which the station is allocated a single slot per frame. In comparing the mean system size under uniform and contiguous slot allocations across the TDMA frame, we prove the following result. is a positive integer, the steady-state mean queue-size generated under a contiguous slot allocation scheme, as derived above, is lower bounded by the mean queue-size resulting when slots are uniformly distributed across the frame.
Proof: Using (4.3), we note that Q L depends on the frame slot parameters N , L, and M only through the ratio M I N . We thus denote this dependence by writing Q L = Q L ( M / N ) . Assume now that M I N = R where R is a positive integer. Consider the TDMA scheme which employs a uniform slot allocation scheme, so that a station is provided a single slot every R slots. Clearly, this scheme is identical to a TDMA scheme with a frame duration of R slots for which the station is allocated a single slot per frame. For the latter scheme (denoted as scheme 2), we have M2 = R, N2 = 1, L2 = R -1, and mean queue-size E ( X ; ? ) = Q L ( R / 1 ) . Hence,
where ~( j ) is the probability that the system size following a departure is j , and m ( j ) = P(N, > 3).
For derivation of the message delay distribution, a firstcome-first-served (FCFS) service discipline is assumed. In the following, we derive results for message delay distribution for three important message arrival processes. Throughout the discussion, we assume that each message contains a random number of packets in accordance with a Geometric distribution with parameter q, 0 < q 5 1.
1) Geometric Arrival Stream:
Under a geometric arrival stream, independently of arrival events at other slots, a single message arrives at each slot with probability p , independently of arrival events at other slots, while no arrivals occur (independently again) with probability (1 -p ) , 0 < p < 1. Now 
where V denotes the number of messages within the batch that are served after the tagged message belonging to this batch. The variable V has the same distribution as that of the backward recurrence time associated with the batch size level (i.e., the number of messages within a batch that are to be served ahead of a randomly selected message in this batch). The generating function of its distribution is well-known to be given by
Since batch size is memoryless, V and D are independent random variables, so that V is statistically independent of N A ( D ) . Hence, 03 .
i=l which yields the relationship,
R ( z ) = D ( A ( z ) ) V ( z ) .
(5.8)
From (5.3) and (5.7), we conclude that
(5.9) so that For this case, the message delay is defined as the time interval elapsed between the message arrival and departure times, recording arrivals at each their continuous time of occurrence. The distribution of the system size at a start of a slot, II(z), is given by (3.26) with A(z) expressed by (5.10).
Proceeding as above, we write
which with the incorporation of (5.3) yields the LaplaceStieltjes transform DL (s) of the steady-state message delay distribution to be given by We note here that E ( D ) = X -l E ( X ) + 1/2, as should be the case in accordance with Little's formula.
VI. NUMERICAL RESULTS
To illustrate our results, we consider a geometric message arrival process with parameter p , 0 < p < 1. Assume q = 1, so that each message consists of a single packet.
In Fig. 2 , we present the mean system-size [exact result, as well as upper and lower bounds, using (4.2) and (4.5)] versus throughput performance curves for L = 10, N = 4. We notice that the lower and upper bounds are very tight as expected by expression (4.5).
In Fig. 3 , we present the exact message delay versus the number of slots allocated per frame ( N ) performance curve, as computed using (4.2) and Little's formula. This curve is also compared with Bruneel's approximation [ 11. From the graph, we observe that the delay computed using the latter approximation increases as N increases. Note that the message delay should decrease as N increases (as then the throughput p = ( N + L ) a / N decreases). We observe that the latter approximation also requires the calculation of the N -1 roots of D ( z ) in 1x1 < 1; these roots are used in our expressions to yield exact result for the mean message delay. VII. CONCLUSION generating function of the system size in steady-state at the start of a slot, under the assumption that the number of packets included in a message is geometrically distributed. An exact result for the generating function of the message delay under various message arrival processes has been derived. We have
In this paper, we have carried out exact message delay and queue-size analysis for a contiguous multiple slot per frame packet-switched TDMA scheme. We have obtained the also proven that a slot allocation scheme which distributes station slots uniformly over the frame yields a messagedelay lower bound. The message delay performance results derived in this paper can also be applied to the analysis of a demand-assigned packet-switched TDMA (DA-PSFDMA) system. For example, consider such an in-band time-division reservation scheme, which uses NR slots per frame (which contains N R + L slots) to allow stations to transmit their reservation packets. The queueing delay performance of reserved messages can then be derived from our analysis by noting that such messages are served by a TDMA system which provides them L service slots within a frame which contains NR + L slots, with the arrival message process given by the superposition of all station arrival streams.
